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NUMERICAL SEMIGROUPS WITH EMBEDDING DIMENSION THREE AND
MINIMAL CATENARY DEGREE
PEDRO A. GARCÍA-SÁNCHEZ ANDHELENAMARTÍN CRUZ
ABSTRACT. We characterize numerical semigroups S with embedding dimension three
attaining equality in the inequality max∆(S)+2≤ c(S), where∆(S) denotes the Delta set
of S and c(S) denotes the catenary degree of S.
1. INTRODUCTION
It is well known that, for numerical semigroups, the maximum of the Delta set of the
semigroup plus two is less than or equal to the catenary degree of the semigroup [15],
which in addition is smaller than or equal to the ω-primality [17]. The ω-primality is
smaller than or equal to the tame degree of a numerical semigroup [16]. These inequal-
ities relate several important nonunique factorization invariants, and hold for nonfac-
torial atomic monoids in general. It is also well known that if the presentation of the
monoid is generic, then the catenary degree, the ω-primality and the tame degree co-
incide [2]. Also, for Krull monoids with finite class group and with prime divisors in all
classes, we know that the maximum of the Delta set plus two coincides with the cate-
nary degree in a large number of cases (see [14, Corollary 4.1]), and we still do not know
of any Krull monoid where strict inequality holds. In the present paper we show that
numerical semigroups show a very different arithmetic behavior.
For numerical semigroups with embedding dimension three, we also knowwhen the
catenary degree equals the tame degree [13], or when the tame degree and the ω-pri-
mality coincide [7]. In this manuscript we focus on the characterization of numerical
semigroups with embedding dimension three for which the maximum of the Delta set
plus two equals the catenary degree. As an easy exercise, we will also show when this
equality holds for numerical semigroups generated by an arithmetic sequence.
It has been shown that the maximum of the Delta set of a numerical semigroup (ac-
tually any BF-monoid) is attained in one of its Betti elements [5], and the same holds
with the catenary degree [6]. Thus the strategy to seek for equality of the maximum of
the Delta set plus two and the catenary degree, relies on the study of the sets of fac-
torizations of the Betti elements in our semigroups. For embedding dimension three,
these Betti elements are well known (see for instance [20, Chapter 9]). For the case of
numerical semigroups generated by arithmetic sequences, the result follows easily from
the results obtained in [3] and [4], for the Delta sets and catenary degrees of these semi-
groups, respectively.
2. PRELIMINARIES
Let N be the set of nonnegative integers. A numerical semigroup is a nonempty sub-
set ofN that is closed under addition, contains the zero element andwhose complement
in N is finite. Every numerical semigroup is finitely generated. If n1 < ·· · < np are posi-
tive integers with gcd(n1, . . . ,np ) = 1, then the set {a1n1+·· ·+ apnp | a1, . . . ,ap ∈N} is a
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numerical semigroup, say S, and every numerical semigroup is of this form. The inte-
gers n1, . . . ,np are generators of this numerical semigroup, andwe write S = 〈n1, . . . ,np 〉.
If there is no proper subset of {n1, . . . ,np } that generates S, then we say that S is mini-
mally generated by {n1, . . . ,np }. The cardinality of a minimal system of generators of S
is called the embedding dimension of S and we denote it by e(S), so with our notation
e(S)= p.
From now on, let S be a numerical semigroup minimally generated by {n1, . . . ,np }.
The following definitions and results can be found in [1] and [20] in more detail. The
homomorphism
pi : Np → S, pi(a1, . . . ,ap )=
p∑
i=1
aini ,
is the factorization homomorphism of S, and for s ∈ S, the set of factorizations of s in S is
the set
Z(s)=pi−1(s)= {a ∈Np |pi(a)= s}.
Let us define the two nonunique factorization invariants onwhich this work is based.
The first invariant measures how spread are the lengths of the factorizations of the ele-
ments of a numerical semigroup.
For a factorization x = (x1, . . . ,xp ) ∈ Z(s), its length is
|x| = x1+·· ·+ xp ,
and the set of lengths of factorizations of s is
L(s)= {|x| | x ∈Z(s)}.
The set of lengths of factorizations of an element in a numerical semigroup is finite.
Furthermore, if S 6= N, then there will always be elements with more than one length.
Assume that L(s)= {l1 < ·· · < lk }. The Delta set of s is the set
∆(s)= {l2− l1, . . . , lk − lk−1}
and, if k = 1, then ∆(s)=;. The Delta set of S is
∆(S)=
⋃
s∈S
∆(s).
The second invariant we consider in this manuscript, the catenary degree, deals with
the distances between factorizations of an element in the numerical semigroup. Let
x = (x1, . . . ,xp ), y = (y1, . . . ,xp ) ∈Np be two factorizations and let
x∧ y = (min{x1, y1}, . . . ,min{xp , yp })
be their common part. The distance between x and y is
d(x, y)=max{|x− (x∧ y)|, |y − (x∧ y)|}=max{|x|, |y |}−|x∧ y |).
Let N ∈N. A finite sequence of factorizations of s ∈ S, z0, . . . ,zk ∈ Z(s), is called a N-
chain of factorizations if d(zi−1,zi )≤ N for all i ∈ {1, . . . ,k}. The catenary degree of s ∈ S,
denoted c(s), is the least N ∈ N∪ {∞} such that for any two factorizations x, y ∈ Z(s),
there is an N-chain joining them. The catenary degree of S, denoted c(S), is
c(S)= sup{c(s) | s ∈ S}.
From [1, Theorem 11], we have the following inequality between the invariants de-
fined above:
max(∆(S))+2≤ c(S).
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The complement of S in N is called the set of gaps of S, denoted G(S)=N\S, and its
cardinality is called the genus of S, denoted g(S). We set F(S)=max(Z\S) and we call it
the Frobenius number of S. The multiplicity of S is the smallest nonzero element of S
and we denote it by m(S), so m(S)=n1.
For a set X ⊆N, let X ∗ denote X \{0}. For a rational number x, let ⌈x⌉ denote the least
integer greater than or equal to x, and let ⌊x⌋ denote the greatest integer less than or
equal to x.
We say that x ∈Z is a pseudo-Frobenius number if x ∉ S and x+s ∈ S for all s ∈ S∗, and
denote by PF(S) the set of these numbers.
A numerical semigroup is irreducible if it cannot be expressed as the intersection
of two proper over numerical semigroups (with respect to inclusion). It turns out that
irreducibility and maximality in the set of numerical semigroups with fixed Frobenius
number coincide. We distinguish two cases depending of the parity of the Frobenius
number. A numerical semigroup S is symmetric (respectively, pseudo-symmetric) if S is
irreducible and F(S) is odd (respectively, even).
It is well known (see for instance [20, Chapter 3]) that a numerical semigroup S is
symmetric if and only if g(S) = (F(S)+ 1)/2, and this is equivalent to PF(S) = {F(S)}.
Also, S is pseudo-symmetric if and only if g(S) = (F(S)+ 2)/2, or equivalently, PF(S) =
{F(S),F(S)/2}.
A way to construct symmetric numerical semigroups is by gluing symmetric nu-
merical semigroups. Let S1 and S2 be two numerical semigroups minimally gener-
ated by {n1, . . . ,nr } and {nr+1, . . . ,ne }, respectively. Let λ ∈ S1\{n1, . . . ,nr } and µ ∈ S2\
{nr+1, . . . ,ne } be such that gcd(λ,µ)= 1. We say that the numerical semigroup
S = 〈µn1, . . . ,µnr ,λnr+1 , . . . ,λne 〉
is a gluing of S1 and S2. If S1 and S2 are symmetric, then any gluing of S1 and S2 is also
symmetric (see for instance [20, Chapter 8]).
We define the graph∇s associated to s ∈ S to be the graph whose set of vertices is Z(s)
and ab is an edge if a ·b 6= 0 (dot product), that is, there exists i ∈ {1, . . . ,p} such that ai ,
bi 6= 0.
We say that two factorizations a and b of s areR-related, andwewrite aRb or (a,b)∈
R, if they belong to the same connected component of ∇s , that is, there exists a chain
of factorizations a1, . . . ,at ∈Z(s) such that
• a1 = a, at = b, and
• for all i ∈ {1, . . . , t −1}, we have ai ·ai+1 6= 0.
We say that s ∈ S is a Betti element if ∇s is not connected. The set of Betti elements of
S is denoted by Betti(S). From these elements one can obtain all minimal presentations
of S. A presentation for S is a system of generators of the kernel congruence of the
factorization homomorphism pi ((x, y) ∈ kerpi if pi(x)= pi(y)). A minimal presentation is
a presentation that cannot be refined to another presentation, that is, any of its proper
subsets is no longer a presentation (see for instance [20, Chapter 7]).
In order to obtain a presentation for S we only need, for every s ∈ Betti(S) and every
connected component R, to choose a factorization x and pairs (x, y) such that every two
connected components of ∇s are connected by a sequence of these factorizations in a
way that the pairs of adjacent elements in the sequence are either the ones selected or
their symmetry. The least possible number of edges that we need is when we choose
the pairs so that we obtain a tree connecting all connected components. Thus, the least
possible number of pairs for every s ∈Betti(S) is the number of connected components
4 PEDRO A. GARCÍA-SÁNCHEZ ANDHELENA MARTÍN CRUZ
of ∇s minus one [1, Theorem 5]. Thus, the cardinality of any minimal presentation of
S equals
∑
s∈S (nc(∇s)−1), where nc(∇s) is the number of connected components of ∇s
[1, Corollary 20], and this cardinality is finite as the set of Betti elements of a numerical
semigroup is finite.
Also, the cardinality of aminimal presentation for S is greater than or equal to e(S)−1
[20, Theorem 8.6]. It is said that S is a complete intersection if the cardinality of any of
its minimal presentations equals e(S)−1, that is, that S can be described with the least
possible number of relators.
For x = (x1, . . . ,xp ) ∈Np , define Supp(x)= {i ∈ {1, . . . ,p} | xi 6= 0}. We say that a presen-
tationσ of S is generic ifσ isminimal and for all (x, y) ∈σwehave Supp(x+y)= {1, . . . ,p}.
From [2, Proposition 5.5], we have the uniqueness of generic presentations.
The following results, that are [1, Theorem 9, Theorem 10], show how minimal pre-
sentations, or Betti elements, are key tools to obtain the invariants max(∆(S)) and c(S).
Theorem 2.1. Let S be a numerical semigroup. Then
max(∆(S))=max{max(∆(b)) | b ∈Betti(S)}.
Theorem 2.2. Let S be a numerical semigroup. Then
c(S)=max{c(b) | b ∈Betti(S)}.
Now, we see how the catenary degree can be computed from the factorizations of the
Betti elements.
Let s ∈ S and let Rs1, . . . ,R
s
ks
be the different R-classes contained in Z(s). Set µ(s) =
max
{
r s1 , . . . ,r
s
ks
}
, where r s
i
=min
{
|z| | z ∈Rs
i
}
. Define
µ(S)=max{µ(b) | b ∈Betti(S)}.
Theorem 2.3 ([4, Theorem 1]). Let S be a numerical semigroup. Then
c(S)=µ(S).
Example 2.4. Let us see an example of numerical semigroups attaining equality in the
inequality max(∆(S))+2≤ c(S). Let S be a numerical semigroup generated by an arith-
metic sequence, that is, S = 〈n,n + k, . . . ,n + tk〉 with 1 ≤ t < n and gcd(n,k) = 1. For
this type of numerical semigroups, we know the Delta set [3, Proposition 3.9] and the
catenary degree [4, Theorem 14]:
∆(S)= {k} and c(S)=
⌈n
t
⌉
+k.
For example, if n = 4, k = 2 and t = 2, then S = 〈7,9,11,13,15〉 fulfills 2+2=max(∆(S))+
2= c(S)= 4.
We havemax(∆(S))+2= c(S) if and only if k+2=
⌈
n
t
⌉
+k. Equivalently,
⌈
n
t
⌉
= 2. If we
have three generators (t = 2), this is equivalent to n1 ∈ {3,4}.
3. NUMERICAL SEMIGROUPS WITH EMBEDDING DIMENSION THREE
We are going to characterize numerical semigroups S with embedding dimension
three attaining equality in the inequalitymax(∆(S))+2≤ c(S), towhichwewill refer as “S
has minimal catenary degree”. The experiments that led to our results were performed
using the numerical semigroups package numericalsgps [8] for GAP [9]. The examples
in this section can be reproduced in the following repository
https://github.com/helenahmc/Examples-min-cat-deg.
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So let S = 〈n1, n2, n3〉, with 2< n1 < n2 < n3, be a numerical semigroup with embed-
ding dimension three. Given {i , j ,k}= {1,2,3}, define
ci =min{k ∈Z
+
| kni ∈ 〈n j ,nk 〉}.
Then there exist some ri j , rik ∈N such that
(1) cini = ri jn j + riknk .
From [20, Example 7.23], we know that
(2) Betti(S)= {c1n1,c2n2,c3n3}.
Let us give some properties in terms of the parameters already given. First, the
following theorem is a consequence of some results that Herzog proved in [18].
Theorem 3.1. Let S be a numerical semigroup with embedding dimension three, and let
ri j be as defined in (1), for all i , j ∈ {1,2,3}.
(1) S is a complete intersection if and only if it is symmetric.
(2) S is symmetric if and only if there exist i , j ∈ {1,2,3} such that ri j = 0.
(3) If S is nonsymmetric, then the integers ri j , rik are positive and unique.
Note that the uniqueness of the integers ri j , rik in nonsymmetric case can be ob-
tained as a consequence of the uniqueness of generic presentations [2, Proposition 5.5].
From [10, Lemma 2.3] and [21, Lemma 3], we have the following result.
Proposition 3.2. c1 > r12+ r13, c3 < r31+ r32, and for i , j , k ∈ {1,2,3},
ci = r j i + rki .
Let us go back to (2). Then, S is nonsymmetric if and only if #Betti(S) = 3 (Theo-
rem 3.1) or, equivalently, S has a generic presentation.
In order to compute the maximum of the Delta set and the catenary degree, we dis-
tinguish three cases depending on whether #Betti(S) is one, two or three. In each case,
we will also study when S has minimal catenary degree.
3.1. A single Betti element. If S has a single Betti element, that is, Betti(S)= {h = c1n1 =
c2n2 = c3n3}, the catenary degree of S is reached in h (Theorem 2.2), so c(S) = c(h).
As S is a complete intersection (a minimal presentation has only two relators), Z(h) =
{(c1,0,0),(0,c2 ,0), (0,0,c3)}. Thus, c(h) = max{c1,c2,c3} = c1 (n1 < n2 < n3 and c1n1 =
c2n2 = c3n3 implies c1 > c2 > c3).
Proposition 3.3. With the above notation, c(S)= c1.
As L(h) = {c3 < c2 < c1}, in virtue of Theorem 2.1 we have max(∆(S)) =max(∆(h)) =
max{c2−c3,c1−c2}.
Proposition 3.4. Under the standing hypothesis,max(∆(S))=max{c2−c3,c1−c2}.
By [12, Theorem12], wehave a characterizationof this type of numerical semigroups.
There exist p1 > p2 > p3 pairwise relatively prime integers greater than one such that
n1 = p2p3, n2 = p1p3, n3 = p1p2 and c1 = p1, c2 = p2, c3 = p3.
Let us study when S has minimal catenary degree.
• Suppose thatmax(∆(S))= c2−c3. Thenmax(∆(S))+2= c(S) if and only if c1+c3−
c2 = 2. If c3 = 2, this is a contradiction, because it implies that c1 = c2. Otherwise,
it is also a contradiction because the ci are odd.
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• Ifmax(∆(S))= c1−c2, thenmax(∆(S))+2= c(S) if and only if c2 = 2, which is also
a contradiction, because 2 = c2 = p2 > p3 = c3, and the integers pi are greater
than one.
Theorem 3.5. Let S be a numerical semigroup with embedding dimension three and a
single Betti element. Then
max(∆(S))+2< c(S).
3.2. Two Betti elements. If S has two Betti elements, then S is symmetric. We know
exactly how symmetric numerical semigroups with embedding dimension three are
thanks to the following result.
Theorem 3.6 ([20, Theorem 9.6]). Let m1 <m2 be two relatively prime integers greater
than one. Let a, b and c be nonnegative integers with a ≥ 2, b+ c ≥ 2 and gcd(a,bm1+
cm2) = 1. Then S = 〈am1, am2, bm1+ cm2〉 is a symmetric numerical semigroup with
embedding dimension three. Moreover, every symmetric numerical semigroup with em-
bedding dimension three is of this form.
In virtue of [11] and using the notation in Theorem 3.6, we have
Betti(S)= {a(bm1+cm2),am1m2},
with
Z(a(bm1+cm2))=
{
(b−
⌊
b
m2
⌋
m2,c+
⌊
b
m2
⌋
m1,0), . . . , (b−m2,c+m1,0),
(b,c,0), (b+m2 ,c−m1,0), . . . , (b+
⌊
c
m1
⌋
m2,c−
⌊
c
m1
⌋
m1,0), (0,0,a)
}
,
and Z(am1m2)= {(m2,0,0),(0,m1 ,0)}. Moreover,
MS = {v = (v1,v2,v3) ∈Z
3
| v1n1+ v2n2+ v3n3 = 0}
is spanned by {(m2,−m1,0), (b + λm2,c − λm1,−a)} for any λ ∈ Z. We choose λ ∈{
−
⌊
b
m2
⌋
, . . . ,
⌊
c
m1
⌋}
such that |(b+λm2,c−λm1,−a)| is minimal. We define
δ1 = |(m2,−m1,0)| =m2−m1
and
δ2 =| |(b+λm2,c−λm1,−a)| |=| b+c+λ(m2−m1)−a | .
By [11, Proposition 5], we have
(3) max(∆(S))=max{δ1,δ2}.
Using Theorem 2.3, we can compute the catenary degree. Indeed, c(S) =
max{µ(am1m2),µ(a(bm1 + cm2))}. As m1 < m2, µ(am1m2) = m2. The R-classes of
Z(a(bm1+cm2)) are {(0,0,a)} and
{
(b+km2,c−km1,0)
∣∣∣ k ∈ {−⌊ bm2
⌋
, . . . ,
⌊
c
m1
⌋}}
. Thus,
µ(a(bm1+cm2))=max
{
a,b+c−
⌊
b
m2
⌋
(m2− m1)
}
. Hence by Theorem 2.3,
(4) c(S)=max
{
m2,a,b+c−
⌊
b
m2
⌋
(m2−m1)
}
.
We distinguish five cases depending on the position of a in
L(a(bm1+cm2))= {a}∪
{
b+c+k(m2−m1)
∣∣∣ k ∈
{
−
⌊
b
m2
⌋
, . . . ,
⌊
c
m1
⌋}}
.
NUMERICAL SEMIGROUPS WITH MINIMAL CATENARY DEGREE 7
1. If a < b+c−
⌊
b
m2
⌋
(m2−m1)− (m2−m1), then
λ=−
⌊
b
m2
⌋
,max(∆(S))= b+c−
⌊
b
m2
⌋
(m2−m1)−a, and
c(S)=max
{
m2,b+c−
⌊
b
m2
⌋
(m2−m1)
}
.
(a) Ifm2 < b+c−
⌊
b
m2
⌋
(m2−m1), then c(S)= b+c−
⌊
b
m2
⌋
(m2−m1). Thus, max(∆(S))+
2= c(S) if and only if a = 2.
We have 2 = a < b + c −
⌊
b
m2
⌋
(m2−m1)− (m2−m1), that is, b + c −
⌊
b
m2
⌋
(m2−
m1) >m2 −m1+ 2, and b+ c −
⌊
b
m2
⌋
(m2−m1) >m2. As m1 ≥ 2, the condition
b+c−
⌊
b
m2
⌋
(m2−m1)>m2, implies a < b+c−
⌊
b
m2
⌋
(m2−m1)− (m2−m1).
To sum up, if S verifies
a = 2 and m2 < b+c−
⌊
b
m2
⌋
(m2−m1),
then S has minimal catenary degree. For example, ifm1 = 5,m2 = 7, b = 5, c = 4,
a = 2, that is, S = 〈10,14,53〉, and with the help of numericalsgpswe obtain that
∆(S)= {1,2,3,5,7} and c(S)= 9.
(b) Ifm2 ≥ b+ c −
⌊
b
m2
⌋
(m2−m1), then c(S)=m2. Thus max(∆(S))+2 = c(S) if and
only if m2 = b+ c −
⌊
b
m2
⌋
(m2−m1)− a+2. But m2 ≥ b+ c −
⌊
b
m2
⌋
(m2−m1), so
−a+2≥ 0. Hence, a = 2 andm2 = b+c−
⌊
b
m2
⌋
(m2−m1).
We have 2= a < b+ c −
⌊
b
m2
⌋
(m2−m1)− (m2−m1)=m2−m2+m1 =m1. Thus,
m1 > 2.
In this setting, if S verifies
a = 2<m1 and m2 = b+c−
⌊
b
m2
⌋
(m2−m1),
then S has minimal catenary degree. For example, ifm1 = 3,m2 = 4, b = 1, c = 3,
a = 2, that is, S = 〈6,8,15〉, then, ∆(S)= {1,2} and c(S)= 4.
2. If b+c−
⌊
b
m2
⌋
(m2−m1)− (m2−m1)≤ a < b+c−
⌊
b
m2
⌋
(m2−m1), then
λ=−
⌊
b
m2
⌋
, max(∆(S))=m2−m1 and
c(S)=max
{
m2,b+c−
⌊
b
m2
⌋
(m2−m1)
}
.
(a) Ifm2 < b+c−
⌊
b
m2
⌋
(m2−m1), then c(S)= b+c−
⌊
b
m2
⌋
(m2−m1). Thus, max(∆(S))+
2 = c(S) if and only if m2 −m1 + 2 = b + c −
⌊
b
m2
⌋
(m2 −m1), but we have m2 <
b+c−
⌊
b
m2
⌋
(m2−m1), som1 < 2, a contradiction.
(b) Ifm2 ≥ b+ c−
⌊
b
m2
⌋
(m2−m1), then c(S)=m2. Thus, max(∆(S))+2= c(S) if and
only ifm1 = 2.
We have a < b + c −
⌊
b
m2
⌋
(m2 − 2) ≤ m2. Notice that, as a ≥ 2, this condition
implies that b+c−
⌊
b
m2
⌋
(m2−2)− (m2−2)≤ a.
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To sum up, if S verifies
m1 = 2 and a < b+c−
⌊
b
m2
⌋
(m2−2)≤m2,
then S has minimal catenary degree. For example, ifm1 = 2,m2 = 5, b = 1, c = 3,
a = 2, that is, S = 〈4,10,17〉, then ∆(S)= {1,2,3} and c(S)= 5.
3. If b + c −
⌊
b
m2
⌋
(m2 −m1) ≤ a < b + c +
⌊
c
m1
⌋
(m2 −m1), then there exists k ∈{
−
⌊
b
m2
⌋
, . . . ,
⌊
c
m1
⌋
−1
}
such that b + c + k(m2 −m1) ≤ a < b + c + (k + 1)(m2 −m1).
Hence,
λ is either k or k+1, max(∆(S))=m2−m1 and c(S)=max{m2,a}.
(a) Ifm2 < a, then c(S)= a.
Thus max(∆(S))+2= c(S) if and only ifm2−m1+2 = a. Asm2 < a,m1 < 2, and
we get a contradiction.
(b) Ifm2 ≥ a, then c(S)=m2.
Thus max(∆(S))+2= c(S) if and only ifm1 = 2.
To sum up, if S verifies
m1 = 2, m2 ≥ a and
b+c−
⌊
b
m2
⌋
(m2−2)≤ a < b+c+
⌊ c
2
⌋
(m2−2),
then S has minimal catenary degree.
As an example, takem1 = 2, m2 = 7, b = 1, c = 2, a = 5, and thus, S = 〈10,16,35〉,
and we obtain ∆(S)= {1,2,3,5} and c(S)= 7.
4. If b+c+
⌊
c
m1
⌋
(m2−m1)≤ a < b+c+
⌊
c
m1
⌋
(m2−m1)+m2−m1, then
λ=
⌊
c
m1
⌋
, max(∆(S))=m2−m1 and c(S)=max{m2,a}.
(a) Ifm2 < a, then c(S)= a.
Thus max(∆(S))+2= c(S) if and only ifm2−m1+2 = a. Asm2 < a,m1 < 2, and
we obtain another contradiction.
(b) Ifm2 ≥ a, then c(S)=m2.
Thus max(∆(S))+2= c(S) if and only ifm1 = 2.
To sum up, if S verifies
m1 = 2, m2 ≥ a and
b+c+
⌊c
2
⌋
(m2−2)≤ a < b+c+
⌊c
2
⌋
(m2−2)+m2−2,
then S has minimal catenary degree.
If, for example, m1 = 2, m2 = 5, b = 2, c = 1, a = 5, we get S = 〈9,10,25〉, and
∆(S)= {1,2,3} and c(S)= 5.
5. If b+c+
⌊
c
m1
⌋
(m2−m1)+m2−m1 ≤ a, then
λ=
⌊
c
m1
⌋
, max(∆(S))= a−b−c−
⌊
c
m1
⌋
(m2−m1) and
c(S)=max{m2,a}.
(a) Ifm2 < a, then c(S)= a.
Thus max(∆(S))+2= c(S) if and only if b+c+
⌊
c
m1
⌋
(m2−m1)= 2.
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As b+c ≥ 2,m1 <m2 and
⌊
c
m1
⌋
≥ 0, we deduce that b+c = 2 and c <m1.
Observe that the conditions m2 < a and m1 ≥ 2, imply 2+m2 −m1 = b + c +⌊
c
m1
⌋
(m2−m1)+m2−m1 ≤ a-
To sum up, if S verifies
b+c = 2, c <m1 and m2 < a,
then S has minimal catenary degree.
For example, ifm1 = 2,m2 = 3, b = 1, c = 1, a = 7, that is, S = 〈5,14,21〉, and we do
the computations with numericalsgpswe obtain ∆(S)= {1, . . . ,5} and c(S)= 7.
(b) Ifm2 ≥ a, then c(S)=m2.
Thus max(∆(S))+2= c(S) if and only if a−b−c−
⌊
c
m1
⌋
(m2−m1)+2=m2.
Ifm2 > a, then a−b−c−
⌊
c
m1
⌋
(m2−m1)+2=m2 if and only if b+c+
⌊
c
m1
⌋
(m2−
m1)< 2, in contradiction with b+c ≥ 2,m1 <m2 and
⌊
c
m1
⌋
≥ 0.
Thus,m2 = a, so b+c+
⌊
c
m1
⌋
(m2−m1)= 2 and, asb+c ≥ 2,m1 <m2 and
⌊
c
m1
⌋
≥ 0,
b+c = 2 and c <m1. Then, clearly, 2+m2−m1 = b+c+
⌊
c
m1
⌋
(m2−m1)+m2−m1 ≤
a is equivalent tom1 ≥ 2.
To sum up, if S verifies
b+c = 2, c <m1 and m2 = a,
then S has minimal catenary degree. If, for example,m1 = 2,m2 = 3, b = 1, c = 1,
a = 3, that is, S = 〈5,6,9〉, we get ∆(S)= {1} and c(S)= 3.
Once distinguished the possible cases, note that
• we can gather the cases (3b) and (4b) as m1 = 2, m2 ≥ a and b + c −⌊
b
m2
⌋
(m2−2)≤ a < b+c+
⌊
c
2
⌋
(m2−2)+m2−2;
• the same holds for (5a) and (5b) if we impose b+c = 2, c <m1 andm2 ≤ a.
Finally, we summarize the results for two Betti elements in the following theorem.
Theorem 3.7. Let S be a numerical semigroupwith embedding dimension three. Assume
that S has two Betti elements, and consequently there exist two relatively prime integers
m1 and m2 greater than one, with m1 <m2 , and a, b, and c nonnegative integers with
a ≥ 2, b+c ≥ 2 and gcd(a,bm1+cm2)= 1 such that S = 〈am1,am2,bm1+cm2〉. We have
max(∆(S))+2= c(S)
if and only if either
• a = 2 and m2 < b+c−
⌊
b
m2
⌋
(m2−m1), or
• a = 2<m1 and m2 = b+c−
⌊
b
m2
⌋
(m2−m1), or
• m1 = 2 and a < b+c−
⌊
b
m2
⌋
(m2−2)≤m2, or
• m1 = 2, m2 ≥ a and
b+c−
⌊
b
m2
⌋
(m2−2)≤ a < b+c+
⌊
c
2
⌋
(m2−2)+m2−2, or
• b+c = 2, c <m1 andm2 ≤ a.
Example 3.8. Let us go back to Example 2.4, with n1 = 4 and t = 2, that is S = 〈4,4+
k,4+2k〉. We already know that max(∆(S))+2= c(S)= k+2. Notice S = 〈4,4+k,4+2k〉 =
2〈2,2+k〉+ (4+k)N is a gluing of S1 = 〈2,2+k〉 and S2 = N = 〈1〉 by taking λ = 4+k ∈
S1\{2,2+k} and µ= 2 ∈N\{1} (gcd(λ,µ)= gcd(2,k)= 1). Since S1 and S2 are symmetric,
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so is S. A a minimal presentation for S is {((2+k,0,0),(0,0,2)), ((0,2,0),(1,0,1))} (see [20,
Chapter 8] to see how a presentation of S is obtained from S1 and S2). Hence Betti(S)=
{8+2k,8+4k}.
3.3. Three Betti elements. If S has threeBetti elements, that is, S is nonsymmetric, then
in virtue of [10], we set
δi = |ci − ri j − rik |
for every {i , j ,k}= {1,2,3}. By Proposition 3.2, δ1 = c1−r12−r13 and δ3 = r31+r32−c3. In
light of [10], we have
(5) max(∆(S))=max{δ1,δ3}.
Also, from [20, Example 7.23], we know that S has a generic presentation. Thus [2, Corol-
lary 5.8] is verified, and hence c(S)=max{c1,c2,c3,r12+r13,r21+r23,r31+r32}. Moreover,
due to Proposition 3.2, we obtain the following:
(6) c(S)=max{c1,c2,r21+ r23,r31+ r32}.
We distinguish the cases depending on max(∆(S)) equals δ1 or δ3, and take into ac-
count Proposition 3.2 (the ri j ’s are positive).
1. Assume that c1− r12− r13 > r31+ r32− c3. This is equivalent to r21+ r31− r12− r13 >
r31+ r32− r13− r23, whichmeans r21+ r23 > c2. Hence
max(∆(S))= c1− r12− r13,
and
c(S)=max{c1,r21+ r23,r31+ r32}.
(a) If c1 ≥max{r21+ r23,r31+ r32}, then
c(S)= c1.
Thus max(∆(S))+2= c(S) if and only if c1− r12− r13+2 = c1. Equivalently, r12+
r13 = 2, that is, r12 = r13 = 1.
Thus, if S verifies
r12 = r13 = 1, r21+ r23 > c2 and c1 ≥max{r21+ r23,r31+ r32},
then S has minimal catenary degree. For example, if S = 〈4,9,15〉, we have r12 =
r13 = 1, 3+1= r21+r23 > c2 = 3 and 6= c1 >max{r21+r23 = 3+1,r31+r32 = 3+2}=
5. With the help of numericalsgpsone gets ∆(S)= {1, . . . ,4} and c(S)= 6.
(b) If r21+ r23 ≥max{c1,r31+ r32}, then
c(S)= r21+ r23.
Thus max(∆(S))+2 = c(S) if and only if c1− r12− r13+2 = r21+ r23, that is, r31−
r12− r13− r23+2= 0.
Thenwehave r21+r23 > c2, r21+r23 ≥ c1, r21+r23 ≥ r31+r32 and r31−r12−c3+2= 0.
Observe that r21+r23 ≥ c1 = r21+r31 if and only if r23 ≥ r31, that is, r31−r23 ≤ 0. We
then have that r31−r12−r13−r23+2= 0 is equivalent to r31 = r23 and r12 = r13 = 1.
Also, r21 ≥ r32 is equivalent to r21+ r23 ≥ r32+ r23 = r32+ r31. So these conditions
imply r12+ r23 ≥max{c1,r31+ r32}.
Thus, if S verifies
r12 = r13 = 1, r21+ r23 > c2, r31 = r23 and r21 ≥ r32,
then S hasminimal catenary degree, and we note that it is a particular case of 1a.
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(c) If r31+ r32 ≥max{c1,r21+ r23}, then
c(S)= r31+ r32.
Hence, max(∆(S))+2= c(S) if and only if c1−r12−r13+2= r31+r32, that is, r21−
r12− r13− r32+2= 0.
Then we have r21+ r23 > c2, r31+ r32 ≥ c1, r31+ r32 ≥ r21+ r23 and r21− r12− r13−
r32+2= 0.
Note that r31+ r32 ≥ c1 = r21+ r31 is equivalent to r32 ≥ r21, that is, r21− r32 ≤ 0.
Then, r21− r12− r13− r32+2= 0 if and only if r21 = r32 and r12 = r13 = 1.
Observe that r31 ≥ r23 is equivalent to r31+ r32 ≥ r23+ r32 = r23+ r21. Therefore
these conditions imply r31+ r32 ≥max{c1,r21+ r23}.
Thus, if S verifies
r12 = r13 = 1, r21 = r32, r21+ r23 > c2 and r31 ≥ r23,
then S has minimal catenary degree; again this is a particular instance of 1a.
2. If c1−r12−r13 ≤ r31+r32−c3, then r21+r31−r12−r13 ≤ r31+r32−r13−r23, equivalently,
r21+ r23 ≤ c2. Hence
max(∆(S))= r31+ r32−c3,
and
c(S)=max{c1,c2,r31+ r32}.
(a) If c1 ≥max{c2,r31+ r32}, then
c(S)= c1.
Thus max(∆(S))+2= c(S) if and only if r31+r32−c3+2= c1, that is, r32−r21−c3+
2= 0.
Then we have c2 ≥ r21+ r23, c1 ≥ c2, c1 ≥ r31+ r32 and r32− r21−c3+2= 0.
Observe that r21+ r31 = c1 ≥ r31+ r32 if and only if r21 ≥ r32, that is, r32− r21 ≤ 0.
The condition r32−r21−c3+2= 0 is equivalent to r32 = r21 and c3 = 2. Moreover,
c2 ≥ r21 + r23 = r21 + 1 is equivalent to r12 ≥ 1, that is obvious, and r32 = r21 is
equivalent to r32+ r31 = r21+ r31 = c1. These conditions imply c1 ≥max{c2,r31+
r32}.
Hence, if S verifies
c3 = 2, r32 = r21 and c1 ≥ c2,
then S has minimal catenary degree. If, for example, S = 〈3,8,13〉, we have c3 = 2,
1= r32 = r21 = 1 and 7= c1 > c2 = 2. Also, ∆(S)= {5} and c(S)= 7.
(b) If c2 ≥max{c1,r31+ r32}, then
c(S)= c2.
Thus max(∆(S))+2= c(S) if and only if r31+r32−c3+2= c2, that is, r31−r12−c3+
2= 0.
Then we have c2 ≥ r21+ r23, c2 ≥ c1, c2 ≥ r31+ r32 and r31− r12−c3+2= 0.
Note that r12+ r32 = c2 ≥ r31+ r32 is equivalent to r12 ≥ r31, that is, r31− r12 ≤ 0.
We then have r31− r12 − c3 + 2 = 0 if and only if r31 = r12 and c3 = 2. Also, the
condition c2 ≥ r21+ r23 = r21+1 is equivalent to c2 ≥ r21+1. Moreover, note that,
if c2 > c1, then the equality c2 = r21+ 1 cannot hold, because this would imply
c2 = r21+1≤ r21+ r31 = c1, a contradiction.
Observe that r31+r32 = r12+r32 = c2, so these conditions imply c2 ≥max{c1,r31+
r32}.
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Thus, if S verifies
c3 = 2, r31 = r12 and c2 ≥max{r21+1,c1}
(excluding the case c2 > c1 and c2 = r21+1),
then S has minimal catenary degree. For example, if S = 〈4,5,7〉, we have c3 = 2,
1= r31 = r12 = 1, 3= c2 =max{r21+1= 2+1,c1 = 3}= 3, ∆(S)= {1} and c(S)= 3.
(c) If r31+ r32 ≥max{c1,c2}, then
c(S)= r31+ r32.
Thus max(∆(S))+2= c(S) if and only if r31+ r32−c3+2= r31+ r32, that is, c3 = 2.
Then we have c2 ≥ r21+ r23 = r21+1, c3 = 2, r31+ r32 ≥ c1 and r31+ r32 ≥ c2.
As r31+r32 ≥ c1 = r21+r31, then r32 ≥ r21. Thus, c2 = r12+r32 ≥ r21+1 and we can
forget about this last condition.
To sum up, if S verifies
c3 = 2 and r31+ r32 ≥max{c1,c2},
then S has minimal catenary degree.
As an example, take S = 〈7,11,38〉. Then, c3 = 2, 3+5 = r31+ r32 > c1 = 7, 3+5 =
r31+ r32 > c2 = 6, ∆(S)= {1, . . . ,6} and c(S)= 8.
Once distinguished the possible cases, note that (2a) and (2b) are particular cases of
2c. Finally, we gather the results for three Betti elements in the following theorem.
Theorem 3.9. Let S be a numerical semigroupwith embedding dimension three. Assume
that S has three Betti elements (equivalently, nonsymmetric). Let ci , ri j be the unique
integers fulfilling (1). Then
max(∆(S))+2= c(S)
if and only if either
• r12 = r13 = 1, r21+ r23 > c2 and c1 ≥max{r21+ r23,r31+ r32}, or
• c3 = 2 and r31+ r32 ≥max{c1,c2},
Example 3.10. Let us revisit once more Example 2.4, but now with n1 = 3 and t = 2. In
this setting S = 〈3,3+k,3+2k〉. In light of [19, Theorem 7], F(S)= 2k and g(S)= k+1. As
g(S)= (F(S)+2)/2, S is pseudo-symmetric. Also all generators of S are relatively prime,
and thus S has threeBetti elements. It is not difficult to see that c1 = 2+k, and c2 = c3 = 2.
4. ACKNOWLEDGEMENTS
The authors would like to thank Alfred Geroldinger for proposing the problem to the
second author while she was visiting the University of Graz. The first author was par-
tially supported by the Junta de Andalucía research group FQM-366, and by the project
MTM2017-84890-P (MINECO/FEDER, UE). The second author was partially supported
by aMINECOcollaboration grant in theDepartamento de Álgebra, and by the Erasmus+
programme.
REFERENCES
[1] A. ASSI AND P. A. GARCÍA-SÁNCHEZ, Numerical semigroups and applications, RSME Springer Series, vol.
1, Springer, Cham, 2016.
[2] V. BLANCO, P. A. GARCÍA-SÁNCHEZ AND A. GEROLDINGER, Semigroup theoretical characterizations of
arithmetical invariantswith applications to numerical monoids and Krull monoids, Illinois J. Math. 55, 2011,
1385-1414.
NUMERICAL SEMIGROUPS WITH MINIMAL CATENARY DEGREE 13
[3] C. BOWLES, S. T. CHAPMAN, N. KAPLAN AND D. REISER, On Delta sets of numerical monoids, J. Algebra
Appl. 5, 2006, 695-718.
[4] S. T. CHAPMAN, P. A. GARCÍA-SÁNCHEZ AND D. LLENA, The catenary and tame degree of numerical
monoids, ForumMath. 21, 2009, 117-129.
[5] S. T. CHAPMAN, P. A. GARCÍA-SÁNCHEZ, D. LLENA, A. MALYSHEV, D. STEINBERG,On the Delta set and the
Betti elements of a BF-monoid, Arab J Math 1 (2012), 53–61.
[6] S. T. CHAPMAN, P. A. GARCÍA-SÁNCHEZ, D. LLENA, V. PONOMARENKO, AND J. C. ROSALES, The catenary
and tame degree in finitely generated commutative cancellative monoids, Manuscripta Math. 120 (2006),
253–264.
[7] S. T. CHAPMAN, P. A. GARCÍA-SÁNCHEZ, Z. TRIPP, C. VIOLA,Measuring primality in numerical semigroups
with embedding dimension three, J. Algebra Appl. 15 (2016), 1650007 (16 pages).
[8] M. DELGADO, P. A. GARCÍA-SÁNCHEZ AND J. MORAIS, NumericalSgps, A pack-
age for numerical semigroups, Version 1.1.10 (2018), (Refereed GAP package),
https://gap-packages.github.io/numericalsgps .
[9] THE GAP GROUP, GAP - Groups, Algorithms, and Programming, 2019, https://www.gap-system.org/ .
[10] P. A. GARCÍA-SÁNCHEZ, D. LLENA AND A. MOSCARIELLO, Delta sets for nonsymmetric numerical semi-
groups with embedding dimension three, ForumMath. 30 (1), 2018, 15-30.
[11] P. A. GARCÍA-SÁNCHEZ, D. LLENA AND A. MOSCARIELLO,Delta sets for symmetric numerical semigroups
with embedding dimension three, Aequationes Math. 91 (3), 2017, 579-600.
[12] P. A. GARCÍA-SÁNCHEZ, I. OJEDA AND J.C. ROSALES, Affine semigroups having a unique Betti element, J.
Alg. Appl. 12, 2013.
[13] P. A. GARCÍA-SÁNCHEZ AND C. VIOLA, When the catenary degree agrees with the tame degree in numer-
ical semigroups of embedding dimension three, Involve, a Journal of Mathematics 8:4 (2015), 677–694.
[14] A. GEROLDINGER, D. J. GRYNKIEWICZ AND W. SCHMID, The catenary degree of Krull monoids I, J. Théor.
Nombres Bordeaux 23 (2011), 137–169.
[15] A. GEROLDINGER AND F. HALTER-KOCH,Non-Unique Factorizations. Algebraic, Combinatorial and Ana-
lytic Theory, Pure and Applied Mathematics, vol. 278, Chapman & Hall/CRC, 2006.
[16] A. GEROLDINGER, W. HASSLER, AND G. LETTL, On the arithmetic of strongly primary monoids, Semi-
group Forum 75 (2007), 567 – 587.
[17] A. GEROLDINGER AND F. KAINRATH, On the arithmetic of tame monoids with applications to Krull
monoids andMori domains, J. Pure Appl. Algebra, 214 (2010), 2199–2218.
[18] J. HERZOG, Generators and relations of abelian semigroups and semigroup rings,Manuscripta Math. 3,
1970, 175-193.
[19] J. C. ROSALES, Numerical semigroups with multiplicity three and four, Semigroup Forum 71, 2005, 323-
331.
[20] J. C. ROSALES AND P. A. GARCÍA-SÁNCHEZ, Numerical semigroups, Developments in Mathematics, vol.
20, New York, Springer, 2009.
[21] J. C. ROSALES AND P. A. GARCÍA-SÁNCHEZ, Numerical semigroups with embedding dimension three,
Arch. Math., Basel, 83 (6), 2004, 488-496.
E-mail address: pedro@ugr.es
IEMATH-GR AND DEPARTAMENTO DE ÁLGEBRA, UNIVERSIDAD DE GRANADA, 18071 GRANADA, SPAIN
URL: www.ugr.es/local/pedro
E-mail address: helenamc18@correo.ugr.es
DEPARTAMENTODE ÁLGEBRA, UNIVERSIDAD DE GRANADA, 18071 GRANADA, SPAIN
